Using the Gell-Mann and Hartle formalism of generalized quantum mechanics of closed systems, we study the classical limit of coarse-grained spacetime histories and their decoherence. The system under consideration is one-dimensional and consists of a particle coupled to a von Neumann apparatus that performs a measurement of the position of the particle during the finite time interval during which the histories of this system take place. We consider two cases: a free particle and a harmonic oscillator. The real line is divided into intervals of the same length, and coarse-grained histories are defined by the time average of the position of the particle on a given Feynman path to be within one of these intervals. The position of the pointer in each Feynman path correlates with this time average. The class operators for this system have been evaluated, and the decoherence functional shows that these coarse-grained histories do not decohere, not even when initially either the particle or the pointer is in an eigenstate of position. Decoherence is obtained only when the classical limit is taken. Qualitative arguments for decoherence in the classical limit are presented for the case of a general particle potential.
I. INTRODUCTION
In the current work we set out to investigate decoherence in the sense of Refs. [1, 2] , when applied to a system consisting of a particle whose position is measured by a von Neumann apparatus during a finite time interval. For each Feynman path, the indication of the apparatus will correlate with the weighted time average of the position of the particle. That is as shown in Ref. [3] . The weight function f (t) is a dimensionless coupling function of time between the particle and the apparatus with compact support [0, T ]. We reproduce the steps from Ref. [3] where the Hamiltonian for this system iŝ
2)
The mass of the particle is m and the mass of the apparatus or pointer is M . The total potential acting on the particle is V (x, t). The interaction between the particle and the apparatus is described by the von Neumann Hamiltonian introduced in Ref. [4] , is the momentum of the pointer,with X the pointer position, or indicator variable. The duration of this interaction is T . Just before the measurement, the system is described by the pure state ψ 0 (x, X) = ϕ 0 (x)Φ 0 (X), where ϕ 0 (x) is the wavefunction for the state of the particle and Φ 0 (X) can be a narrow wavepacket describing the apparatus. The criterion for coarse-grained histories will be established as follows: The real line will be divided up into contiguous intervals of the same length, and a coarse-grained history will consist of the set of all Feynman histories in the time interval [0, T ] whose weighted time average as defined by Eq. (1.1) lies in one of those intervals. Unlike Ref. [3] , we will find that there is no decoherence even in the cases of either sharp initial states of position for the particle or for the pointer. Decoherence will be obtained only in the classical limit. Finally, for review works on decoherence in quantum mechanics see references [6] [7] [8] [9] .
In Ref. [10] it was shown that the propagator for a particle-pointer system is written as a sum over all pointer and particle paths between 0 and T as The path integral over all pointer paths X(t) in Eq. (1.5) can be readily evaluated. To that end we change the pointer variable according to
(1.13)
Expression (1.13) shows that on a given Feynman path of the particle, the wavepacket describing the pointer at t = 0 and centered at X = 0 has spread at t = T and shifted its center tox[x(t), T ]. Thus the pointer coordinate correlates with the weighted average of the position of the particle on an individual Feynman path. If the coupling function in the definition (1.3) for the interaction between the apparatus and the particle is a constant, then the pointer coordinate correlates with the time average of the position of the particle over a Feynman path.
For a particle in an eigenstate of position at x 0 at t = 0 the wavefunction of the system at the end of the measurement is
The path integral sums over all particle paths that start at x 0 at t = 0 and end at any point on the real line at t = T . For quadratic potentials, in addition to the correlation of the pointer with the weighted time average over a Feynman path, there is also a correlation with the arithmetic average of the initial and final position of the particle. Thus the pointer will indicate the same reading for all the Feynman paths with a given arithmetic average of the initial and final position of the particle. See Ref. [3] . The weighted time average over a Feynman path provides a finer coarse-graining than for the case of graininess by arithmetic average.
In Sections III and IV we will construct the class operators and decoherence functionals introduced in Refs. [1, 2] for the case of coarse-grainings characterized by averages on individual Feynman paths for a free particle and for a harmonic oscillator respectively. For the sake of tractability the coupling function in the interaction (1.3) between the particle and the apparatus will be taken to be a constant. We will find that decoherence occurs only when the classical limit is taken.
Finally, in section V we will examine qualitatively decoherence in the classical limit for the case of a general potential acting on the particle.
II. GENERAL POTENTIAL AND GENERAL COUPLING FUNCTION
As mentioned earlier, in reference [10] it was shown that the propagator for a particle-pointer system is written as a sum over all paths for the particle and the pointer between 0 and T cf. Eq. (1.5), where the action is defined in Eq. (1.7).
As done in Ref. [5] the sum over pointer paths can easily be carried out by inserting two complete sets of eigenstates of the momentum P of the pointer and normalized according to P | P ′ = δ(P − P ′ ). The propagator (1.5) can be rewritten in terms of a reduced propagator as
with reduced Hamiltonian
The reduced propagator x| e −iĤP T |x ′ for the particle can be expressed as a sum over all particle paths, and the propagator in Eq. (2.1) becomes
where the reduced action is
and L P is the reduced Lagrangian
Next we will apply the formalism developed in Refs. [1, 2] for closed systems. The basic formalism on how to apply the quantum mechanics of closed systems to a particle coupled to a von Neumann apparatus was presented in Ref. [3] . The set of all particle paths C starting on any point on the real line (x-axis) at t = 0 and ending on any point on the real line (x ′ -axis) at t = T was grouped into an exhaustive set of mutually exclusive classes. The real line of all values for the average positionx on a given Feynman path for the particle was divided into equal length intervals:
(2.6)
A class of particle paths c α was defined by the set of all paths x(t) on the time interval [0, T ] for which on any given path we get the averagex such thatx ∈ ∆ α . Therefore the set C of all paths in the time interval [0, T ] has been divided into an exhaustive set of mutually exclusive classes c α :
The average of x is given by (1.1). Given a potential V (x, t) acting on the particle, then for each particle path in a class c α , the pointer correlates withx[x(t)] ∈ ∆ α at the time T . Thus the indication of the pointer is somewhere within the interval ∆ α at the end of the finite time measurement.
Fine-grained histories for this system are given by any particle and pointer paths x(t), X(t) defined on the time interval [0, T ]. The coarse-grained-classes consist of all the fine-grained histories belonging to the set
8) with no restriction on the paths X(t) for the pointer. For a given class, each of the fine-grained histories of the particle in this class have the value of their average position to be such thatx ∈ ∆ α .
The essential feature of the quantum mechanics of closed systems applied to our system is that for each class of paths c α , a class operator C α can be defined whose matrix elements in the position representation take the form of a path integral unrestricted over all pointer paths and restricted to all possible particle paths in c α
9) where the action S is given by Eq. (1.7).
When the system starts at t = 0 in the state described by the state vector |Ψ 0 , the decoherence functional is defined by
The quantum mechanics of closed systems does not predict probabilities for every possible set of coarse-grained histories but only for those that satisfy the decoherence condition
In such a case, probabilities for each of the coarse grained classes c α can be assigned according to
From the expression (2.9) we can obtain the analogue of Eq. (2.3) by simply restricting the sum over all paths to only those paths in the class c α . That is,
The matrix elements of C α in Eq. (2.9) can be rewritten introducing the function
wherex is defined by (1.1). Thus we may rewrite the functional integral over the class of paths c α in Eq.(2.9) as
When we introduce the Fourier transform
and following Ref. [11] , the expression forẽ ∆α (k) can be evaluated explicitly as
Next we introduce the action S P k
where S P is defined in Eq. (2.4). Then the sum over particle paths in Eq. (2.15) becomes
where we have introduced an effective action
When we insert Eq. (2.19) into Eq. (2.15) and the resulting expression into Eq. (2.13), for the matrix elements of the class operators we obtain
where the effective action S P k is given by Eq. (2.20). This expression can be applied to any potential and any coupling function. We can rewrite Eq. (2.13) as
where x| C P α |x ′ is the matrix element of a reduced class operator which is defined by Eq. (2.19).
In the present work we will restrict ourselves to the two tractable cases: a free particle, and a harmonic oscillator. In both cases the coupling function will be set to be constant in the interval [0, T ].
III. THE FREE PARTICLE
A. The class operators For a free particle V (x, t) = 0, and the only interaction is with the apparatus. In addition f (t) = g, a dimensionless coupling constant between the particle and the apparatus. In this case since f (t) is a constant, it will be convenient to usex
instead of Eq. (1.1) in the definition (2.8) for the mutually exclusive coarse-grained classes. The pointer coordinate will correlate with gx. Now the effective action in Eq. (2.20) is replaced by the effective action corresponding to taking the average according to Eq. (3.1) instead of Eq. (1.1). That is,
Using a well-known result in Ref. [12] , the sum over particle paths in the expression (2.21) can be carried out to obtain
Inserting Eq. (3.3) into Eq. (2.19) for the matrix elements of the reduced class operators we obtain
Next we insert the expression (3.4) into Eq. (2.21). Carrying out the integration over the momentum of the pointer we obtain the result
whereĤ is the Hamiltonian of the system given by Eq. (1.2) for a free particle and a constant coupling function. In this case the propagator for the system is 6) with the effective mass
The results, Eq. (3.6) and Eq. (3.7), were already obtained in Refs. [5, 10] . The expressions for the lengths ℓ and Z in the exponential in the integrantion over k are given by
The integration over k in Eq. (3.5) yields the result for the matrix elements of the class operators
where we have introduced the function of the two lengths ℓ and Z
B. The classical limit of the class operators
We now evaluate the matrix elements of the class operators in the classical limit, → 0. Recall
12) where S is the action in Eq. (1.7) with f (t) = g and V (x, t) = 0.
We introduce the change of path variables
14)
where x cl (t) and X cl (t) are the classical paths for the particle and for the pointer respectively. Thus x cl (t) and X cl (t) satisfy the classical equations of motion for the action S with x cl (0) = x ′ , x cl (T ) = x and X cl (0) = X ′ , X cl (T ) = X. Substituting the changes (3.13) and (3.14) into Eq. (3.12) we obtain
(3.15)
In the → 0 limit the exponent in the path integral over Y (t) and y(t) becomes very large, and the path integral is dominated by the stationary path at the saddle point y(t) = 0, Y (t) = 0. In this limit the function e ∆α in Eq. (3.15) can be evaluated at the saddle point and can be pulled out of the integral to yield
where the expression (1.5) for the propagator of the system has been re-expressed in terms of a path integral over y(t) and Y (t). That is,
δY (t)δy(t)
The classical equations of motion for this system follow from the action (1.7) with f (t) = g and V (x, t) = 0
The solution with
where
and M eff is defined in Eq. (3.7). The action evaluated at the classical path is thus
which, when inserted into Eq. (3.17), yields the expression (3.6) for the propagator of the system. The amplitude factor for the propagator is obtained from the path integral over y(t) and Y (t). That is,
From the expression (3.20) we obtain the time average of the classical path during time T
(3.25) Then in Eq. (3.16) we obtain the classical limit for the matrix elements of the class operators
Comparing the argument of the function e ∆α in the expression (3.26) with the expression for Z in the definition (3.9), we identify Z =x cl .
Next, as observed in Ref. [11] , E ∆α (Z, ℓ) approximates e ∆α (Z/ℓ) as → 0. Therefore in the classical limit the exact expression (3.10) for the matrix elements of the class operators yields the result (3.26).
Let us examine how C α acts on a wavefunction. If the initial wavefunction consists of a wavepacket for the particle, and the pointer is in the sharp position wavefunction δ(X), then the branch wavefunction is
where K(x, X, T ; x ′ , X ′ , 0) is the propagator of the system defined by the unrestricted sum over paths cf. Eq. (1.5), and E ∆α (Z, ℓ) is defined by the expression (3.11).
In the classical limit this expression becomes
which shows that in the classical limit the branch wavefunction is the result of the time evolution of the wavepacket
(3.29)
Consider the branch wavefunction with |Ψ 0 = |ϕ 0 |Φ 0 , where |ϕ 0 has a gaussian wavefunction of width d describing the initial state of the particle
and |Φ 0 has a wavefunction Φ 0 (X) that describes the initial state of the pointer, typically a wavepacket of some width D. With this initial state we expect classical behavior for spacetime alternatives when (1) the coarse-graining parameter δ >> d, and (2) the duration of the spacetime alternative for this system is such that T >> t spread , where t spread is the wavepacket spreading time if we treat the particle as a free particle with negligible interaction with the pointer and
In Ref. [10] it was argued that for a narrow wavepacket describing the initial state of the particle, the entanglement between particle and pointer can be neglected for measurement durations which are less than t spread . That is, the particle evolves freely in this approximation. With this in mind let d << δ for a very narrow wavepacket and for T << t spread , so that from Eq. (3.8)
Thus the conditions (1) and (2) for classical behavior are expressed as
This is the condition already verified in Ref. [11] to ensure that in the limit → 0 E ∆α (Z, ℓ) ≈ e ∆α (Z/ℓ). We will next show explicitly the decoherence in the classical limit of coarse-grained spacetime alternatives defined in (2.8) . First we consider the matrix elements of the decoherence functional in the position representation
Next, using Eq. (3.23) we can rewrite Eq. (3.6) as
(3.37) This expression for the propagator of the system can then be introduced into the expression (3.10) for the exact matrix elements of the class operators, and the result can be introduced into Eq. (3.36) . We obtain
withx cl having the form shown by the expression (3.25).
The explicit integral form for the matrix elements of the decoherence functional is then
(3.41)
The matrix elements described by Eq. (3.41) do not lead to decoherence, even for the case of a particle in a sharp position state at t = 0. That is,
where Φ 0 (X) is the initial wavefunction for the pointer. In the classical limit → 0 the length ℓ introduced in the definition (3.8) becomes small and, as discussed in Ref. [11] , we obtain the limit
This allows the E's in Eq. (3.38) to be replaced by the e's. The e's are to be evaluated at the classical paths for the particle and the pointer, as follows from the expression (3.16) for the matrix of the classical limit of the class operators and from Eq. (3.36) for the matrix elements of the decoherence functional. Thus in the integration in Eq. (3.41) we make the replacements
The classical path in e α for the particle starts at x and ends at y at time T , and for the pointer it starts at X and ends at Y at time T . For e α ′ the path for the particle starts at x ′ and ends at y at time T , and for the pointer it starts at X ′ and ends at Y at time T . In the → 0 limit we can thus rewrite Eq. (3.38)
The exponent in the integrand vanishes if x = x ′ and X = X ′ , and so does the factor multiplying the exponential because of the exclusive ranges for the e's. By the Riemann-Legesgue lemma [13] the integral vanishes in the limit → 0. This confirms Eq. (2.11) for decoherence in the classical limit.
IV. THE HARMONIC OSCILLATOR
For the oscillator we set V (x, t) = m 2 ω 2 x 2 in the Hamiltonian (1.2), and in addition f (t) = g, a dimensionless constant, in the interaction (1.3) between the oscillator and the apparatus. In the expression (2.22) for the matrix elements of the class operators of the system, the matrix elements x| C P α |x ′ of the reduced class operators are given by the expression (2.19), where the action S P k is now
Next ,using another well-known result from Ref. [12] , we can write the path integral for the system defined by the action (4.1) as
with the amplitude factor
3)
The value of the classical action is
The expression for the matrix elements for the reduced class operators in Eq. (2.19) is
5) where S P k,cl is given by the Eq. (4.4) above.
The expression for the matrix elements of the class operators for the system is then
The integration over the momentum P of the pointer can be carried out to obtain the result
where the propagator for the system was obtained in Ref. [5] . The effective mass M eff was given by
with the time-dependent dimensionless coupling constant
Finally, the integration over k can be carried out to yield the exact expression for the matrix elements of the class operators
(4.10) This is of the same form as (3.10) witĥ
The function E ∆α is defined in (3.11). For the harmonic oscillator the length Z is given by the expression 12) and the length ℓ is replaced by
and for the velocity of the pointeṙ
With Eq. (4.17), the classical time average of the position of the particle is easily obtained:
Then in the expression (4.10) for the matrix elements of the class operators we can identify Z =x cl . For the matrix elements of the class operators the limit → 0 yields
This result is similar to the one obtained earlier for the free particle, wherex cl is now given by the result in Eq. (4.19) and H is given by (4.11). In the classical limit, decoherence is obtained for the case of a harmonic oscillator coupled to a von Neumann apparatus.
The explicit form for the matrix elements of the decoherence functional in this case can easily be obtained from the expression (3.36) used for the free particle and by the exact expression (4.10) for the matrix elements of the class operators with the lengths Z and ℓ given by the expressions (4.12) and (4.13) respectively. The integral expression for the exact matrix elements of the decoherence functional is
where the averagex cl of the position of the particle over the classical path is given by Eq, (4.19), and the coupling constant g(T ) is defined in Eq. (4.9). When we take the classical limit we obtain the same expression as in Eq. (3.46) with S cl being the action evaluated at the classical path for the harmonic oscillator-apparatus.
As was found in the case of the free particle, there is no decoherence when we are away from the classical region.
V. GENERAL POTENTIAL. DECOHERENCE IN THE CLASSICAL LIMIT
In this section we will consider some general arguments for decoherence in the classical limit when a general potential V (x, t) acts on the particle. The matrix elements of the class operators are given by the expression (2.9), where the action is defined in Eq. (1.7) with the proviso that the coupling function in the interaction (1.3) is a constant.
The matrix elements of the class operators are
The dominant contribution to the path integral as → 0 comes from the classical paths x cl (t), X cl (t) for the particle and the pointer respectively, and these paths make the action S[x(t), X(t)] an extremum. The functional e ∆α (x[x(t)]) is to be evaluated at the classical path for the system. Thus,
where K(x, X, T ; x ′ , X ′ , 0) is the propagator of the system defined by the unrestricted sum over paths cf. Eq. (1.5). Here the quantity ǫ(x, X; x ′ , X ′ ) is a function of the coordinates. This function goes to zero when → 0, and x cl (t, x, x ′ , X, X ′ ) is the classical path of the particle as the particle moves from x ′ to x during time T . The pointer is also moving as a classical particle from X ′ to X, also during the time T . The matrix elements of the decoherence functional can be expressed as
The path integrals are over paths x(t), X(t) and
When → 0 the exponential oscillates very rapidly and the main contribution to the double path integral comes from the classical paths for the particle and for the pointer. That is,
This expression also follows by direct substitution of the approximate expression (5.2) for the matrix elements of the class operators into the expression for the matrix elements of the decoherence functional
In Eq. (5.4) when x = x ′ and X = X ′ the exponent in (5.4) vanishes and so does the factor multiplying the exponential because of the exclusive ranges of e ∆α and e ∆ α ′ . We further assume that for any given value of Y the exponent in (5.4) is not constant in any subinterval of the integration over y. Similarly for the integration over Y when y is kept constant. Under these conditions the Riemann-Lebesgue lemma [13] shows that the expression (5.4) vanishes when we take the limit → 0. Thus we obtain decoherence in the classical limit.
VI. CONCLUSION
We have investigated the decoherence of coarse-grained histories of a particle coupled to a von Neumann apparatus. As posited in Ref. [10] , realistic measurement situations must take into account the finite time over which they take place, as well as the localization of the particle to a position interval ∆. This has naturally lead to the consideration of spacetime coarse-grainings in the present paper.
The system under consideration is a particle coupled to a von Neumann apparatus that measures the position of the particle for the case that the dimensionless coupling function in the interaction between the particle and the apparatus is constant. We have studied the system particle-apparatus in the context of the Gell-Mann and Hartle quantum mechanics of closed systems. The coarse-grained histories that we have considered are such that the real line of all possible values of the time average of the positionx of the particle has been divided into equal length intervals: ∆ α = x α − δ/2 ,x α + δ/2 , with δ > 0.
A class c α has been defined by the set of all particle paths such that, for each path in the class, the time average of the position of the particle is within the interval ∆ α . In this way the set C of all paths in the time interval [0, T ] has been divided into an exhaustive set of mutually exclusive classes c α . For each path in a class, the pointer in the apparatus indicates a time average for the position of the particle such thatx ∈ ∆ α .
The exact class operators for this system have been evaluated as well as the exact decoherence functional for the two cases of a free particle and for a harmonic oscillator. This shows that these coarse-grained histories do not decohere, not even when initially either the particle or the pointer is in an eigenstate of position. That is, probabilities cannot be assigned for these coarse-grained histories in this case. Decoherence is obtained only when the classical limit is taken.
As found in Ref. [3] , decoherence follows in the quantum regime for certain initial states of the system only when the average is taken to be equal to the arithmetic average of the initial position and final position of the particle. Of course, this represents a coarser graining than the one utilized in the current work.
In conclusion detailed calculations have been carried out for the evaluation of the matrix elements in the position basis for the class operators and the decoherence functional for the two simple cases of a free particle, and a harmonic oscillator. The indication of the apparatus at the end of the measurement correlates with the time average of the position of the particle taken during the time the measurement takes place. The classical limit of the matrix elements for both the class operators and the decoherence functional, has been obtained, and we have verified that decoherence is obtained in this limit. Qualitative arguments for decoherence in the classical limit have also ben presented for the case of a general potential acting on the particle. In general, decoherence for spacetime histories is to be expected in the classical limit in the quantum mechanics of closed systems.
